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1 Introduction 

For any integer k > 1 and subgroup F C PSL2(Z) of finite index there is a 
unique function G]}^ on the product of two upper half planes Sj x Sj which 
satisfies the following conditions: 

(i) G^}^^ is a smooth function on Sj x S^\{{t, ^t), r G ii, 7 G F} with values 
in R. 

(ii) Gl\''{n,T2) = G'^^''(7iri,72r2) for all 71,72 e F. 



m 

> 

in 

'vh I (iii) AjG^^'^ = — /c)G^^'*^ , where Aj is the hyperbolic Laplacian with 

O I respect to the i-th variable, i = 1,2. 

(iv) G^^'^(Ti,r2) = mlog \ti — T2\ +0(1) when ti tends to T2 {m is the order 
of the stabilizer of T2, which is almost always 1). 

^ ' (v) G]^'^^^{ti, T2) tends to when ri tends to a cusp. 

This function is called the Green's function. 

In this note we will concentrate on the case F = SL2(Z) and we will write 
simply Gk for Gf'^^^''''. 

Let / be a modular function. Then the action of Hecke operator Tm on 
/ is given by 

(^^)gSL2(Z)\A1^ 
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where Aim denotes the set of 2 x 2 integral matrices of determinant m. 
Green's functions Gk have the property 

Gfc(n,r2)|T-=Gfc(ri,r2)|T-, 

where T^' denotes the Hecke operator with respect to variable r^, z = 1, 2. 

Denote by S'2fc(SL2(Z)) the space of cusp forms of weight 2k on full mod- 
ular group. 

Proposition 1. Let k > 1 and X = {Am}m=i ^ ©m=i^- Then the following 
are equivalent 

(^) Em=i ^mam = for any cusp form 

oo 
m=l 

(a) There exists a weakly holomorphic modular form 

CO 

m=l 

The proof of this proposition can be found, for example, in [2] Section 3. 
The space of obstructions to finding modular forms of weight 2 — 2k with 
given singularity at the cusp and the space of holomorphic modular forms 
of weight 2k can be both identified with cohomology groups of line bundles 
over modular curve. The statement follows from Serre duality between these 
spaces. 

We call a A with these properties a relation for S'2A;(SL2(Z)). Note that 
the function gx in (ii) is unique and has integral Fourier coefficients. 
For a relation A denote 

oo 

Gk,x :=EA„m^-iG,.(ri,r2)|T^. 

m=l 

The following conjecture was formulated in and [7]. 
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Conjecture. Suppose A is a relation for S'2fc(SL2(Z)). Then for any two CM 
points 3i, 32 of discriminants Di, D2 there is an algebraic number a such 
that 

1 — fc 

G'fc,A(3i,32) = {DiD2)~ log a. 

In many particular cases this conjecture was proven by A. Mellit in his 
Ph. D. thesis [ID]. 

In this note we present a proof of the conjecture in the case when 31,32 



lie in the same imaginary quadratic field Q{-\/—D). 

Two main ingredients of the proof are the theory of Borcherds lift de- 
veloped in |T] and a notion of see-saw identities introduced in [8]. Firstly, 
following ideas given in [3] we prove that the Green's function can be realized 
as a Borcherds lift of an eigenfunction of Laplace operator. This allows as 
to extend a method given in [TT], that is to analyze CM values of Green's 
function using see-saw identities. Applying see-saw identities we prove that 
a CM-value of higher Green's function is equal to a CM-value of certain 
meromorphic modular function with algebraic Fourier coefficients. 

2 Differential operators 

For A; G Z define differential operators 

^ ^ 9 k . ^ 1 . _.od 

Rk = —{j- + r), Lfe = — (r-r)2 — , 

z-ni OT T — T 2m or 

Ak = -47r2 Rk-2Lk = -47r2 {Lk+2Rk - k) = {r - ffg^ + ~ r)-^. 

For integers k, w we denote by Fk^w the space of functions of weight w 
satisfying 

A/ = Wl-*) + ^^)/. 

Proposition 2. The spaces „, satisfy the following properties: 
(i) The space Fk^w is invariant under the action of the group SL 
(a) The operator maps F^^w to Fk^w+2, 
(Hi) The operator Ly^ maps F^^yj to -Ffc,w_2- 
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For a modular form of weight k we will use the notation 

R" f = i?fc+2r--2 o ■ ■ ■ o R^f. 

Denote /^^^ := j2^'i^f- ^^^^ (^^^ equation (56) in [9]) 



(1) 



where (a)m = + 1) ■ ■ ■ (a + tti — 1) is the Pochhammer symbol. For 
a modular forms / and g of weight k and / the Rankin-Cohen bracket is 
defined by 

[/, g] = If'g - kfg\ 

and more generally 



[f,g]r = i2(-^y( 



k + r-l\/l + r- l\ 

r — s 



s=0 

The function [/, g]r is a modular form of the weight k + I + 2r. Note that 



I s\ 

is defined for s G N and A; G M. 

We will need the following proposition. 

Proposition 3. Suppose that f and g are modular forms of weight k and I 
respectively. Then, for integer r > we have 

r-l 

R^'if) 9 = a[f, g]r + R{J2 bsR'if) R'-'-\9)) 

s=0 

where 



a 



'k + l + 2r -2\ ^ 
r 

and 6, are some rational numbers. 
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Proof. The operator R satisfies the following property 

Rifg) = Rif)g + fRig). 



Thus, the sum 



can be written as 



J2 a,R\f)W{g) 



i+j=r 



Ri J2 b,R\f)W{g)) 

i+j=r—l 

for some numbers bi if and only if X]i=o(~-'-)*'^* ~ ^- Rankin-Cohen 
brackets the following identity holds 



(2) 



We will use the following standard identity 

'k + r - 1\ fl + r - 1\ fk + l + 2r-2 



E 



r — s 



s=0 

It follows from the above formula and ([2]) that the sum 



r 

can be written in the form 



R'~{f)9-[f,9]r 



R{ Yl hR\f)R'{g))- 

i+j=r—l 

This finishes the proof. □ 

Proposition 4. Suppose that f is a real analytic modular form of weight 
k — 2 and g is a holomorphic modular form of weight k. Then, for a compact 
region F G we have 



/ Rk-2{f)gy'" ^dxdy= / fgy^ ^ {d. 

J F JdF 



X — idy). 
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Proof. Follows from Stokes' theorem. □ 
Denote by the Bessel K-function 

'-^^> 2^n\r{u + n + l)' 2 sin(7rz/) ' 



n=0 



The function becomes elementary for G Z + i. We have 



for k G Z>o, where hk is the polynomial 

r=0 ^ ' 

The following statement follows immediately from equation ([1]). 
Proposition 5. For k G Z>o the following identity holds 

R-2k{<nT)) = 2 2/5 n^H Kk+i/2{27Tny) e{nx). 

3 Vector valued modular forms 

Recall that the group SL2(Z) has a double cover Mp2(Z) called the meta- 
plectic group whose elements can be written in the form 

a b 
c d 



, ±VcT + d 



where ^ ^ ^ SL2(Z) and \/ cr + d is considered as a holomorphic func- 
tion of T in the upper half plane whose square is cr + d. The multiplication 
is defined so that the usual formulas for the transformation of modular forms 
of half integral weight work, which means that 

iAJir))iB,giT)) = iAB,fiBir))gir)) 

for A,B & SL2(Z) and /, g suitable functions on Sj. 
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Suppose that y is a vector space over Q and ( , ) is a bilinear form on 
V xV with signature b^). For an element x E V we will write x"^ := (x, x) 
and q{x) = Let L C be a lattice. The dual lattice of L is defined 

as L' = {x e V\{x, L) C Z}. We say that L is even if f e 2Z for aU / e L. 
In this case L is contained in L' and L'/L is a finite abelian group. 

We let the elements e,^ for u e L'/L be the standard basis of the group ring 
C[L'/L], so that e^e,^ = e^+j^. Recall that there is a unitary representation 
Pl of the double cover Mp2(Z) of SL2(Z) on C[L' / L] defined by 

(3) pL(T)(e,) = e((z/,z/)/2)e, 

(4) p,{S){e.)^i^'-/'-''/'^\L'/L\-y^ Yl 

where 

are the standard generators of Mp2(Z). 

A vector valued modular form of half-integral weight k and representation 
Pl is a function / : — > C[L'/L\ that satisfies the following transformation 
law 

We will use the notation ^MkipL) for the space of real analytic, Mk{pL) 
for the space of holomorphic, M}^[pi) for the space of almost holomorphic, 
and MI{pl) for the space of weakly holomorphic modular forms of weight k 
and representation p^. 

Let M C L be a sublattice of finite index, then a vector valued modular 
form / e 9Jlfc(SL2(Z), p/,) can be naturally viewed as a vector valued modular 
form in / e 9Jtfc(SL2(Z), p^)- Indeed, we have the inclusions 

M CLCL' CM' 

and therefore 

L/M C L'/M C M'/M. 
We have the natural map L'/M L'/L, p ^ p. 
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Lemma 1. There are two natural maps 
and 

tTL/M ■■ Mkiphi) Mk, (pl)- 

For any f G Ak{SL2{Z,), p^) and g G Afc(SL2(Z), p^/) they are given as fol- 
lows. For pe M'/M 



iresL/M{f))^^ 

for X G L'/L 



fp, tfp G L'/M 
0, tfp i L'/M 



{ti l/m{9))x = Yl 9f.- 

fieL'/AI: p.=X 

4 Real analytic Jacobi forms 

In this section we define certain real-analytic functions similar to Jacobi 
forms. Let L be an even lattice of signature {b^ , b^). Let f be a positive fe"*" 
dimensional subspace of L ® M. Denote by f ~ the orthogonal complement of 
v~^. For a vector / G L denote by ly+ and its projections on and v~ . 
For A G L'/L we define 

el^,{T,z,v+) = ^ eK+/2 + f/2_/2 + (/,^)) 
lex+L 

where r G and z E L ® <C. It follows from Theorem 4.1 [T] that this 
function satisfies the following transformation properties 

(6) , — + — ,^-^) = 

r r r 



XiGL'/L 



Define 

XeL'/L 
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We have 

T T T Zt ZT 

and for m E L' ,n E L 

9;[(r, z + rm + n, f^) = e(— rm^+ — rm^_ — (2;, m))9;^(r, z, t>^). 

5 Regularized theta lift 

In this section recall the definition of regularized theta lift given in Borcherds's 
paper ^. 

We let M be an even lattice of signature (2, h~) with dual M' . The 
(positive) Grassmannian G{M) is the set of positive definite two dimensional 
subspaces f + of M ® M. We write v~ for the orthogonal complement of v^, 
so that M ® M is the orthogonal direct sum of the positive definite subspace 
v'^ and the negative definite subspace v". The projection of m G M ® M 
into a subspaces and v~ is denoted by m„+ and m„- respectively, so that 
m = + rriy- . 

The vector valued Siegel theta function Om : x G{M) C[M'/M] of 
M is defined by 

QM{r,v+) = y''''^ J2 e{Tml+/2 + fml./2)em+M. 

ni€M' 

Remark 1. Our definition of Om differs from the one given in /7!/ by the 
multiple 

Theorem 4.1 in [Ij says that 0m(t, f"^) is a real-analytic vector valued 
modular form of weight 1 — 6^/2 and representation pM with respect to 
variable r. 

We suppose that / is some C[M'/M]-valued function on the upper half 
plane Sj transforming under SL2(Z) with weight 1 — 6/2 and representation 
Pm- Define 

(7) ^^,{v+J):= [ {f{r),eM{r,v+))y~'-'-/'dxdy 

(the product of 9m and / means we take their inner product using (e^, e^) = 
1 ii p = u and otherwise.) 
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The integral is often divergent and has to be regularized as follows. We 
integrate over the region J-^, where 



oo 



{TeS)\- 1/2 < sR(r) < 1/2 and |r| > 1} 



is the usual fundamental domain of SL2(Z) and J-i is the subset of J-'oo of 
points T with 5^(r) < t. Suppose that for 3ft(s) 2> the limit 



exists and can be continued to a meromorphic function defined for all com- 
plex s. Then we define 



to be the constant term of the Laurent expansion of this function at s = 0. 

Denote by Aut(M) the group of those isometries of M(8)M that fix M.The 
action of Aut(M) on / is given by action on M'/M. We define Aut(M, /) to 
be the subgroup of Aut(M) fixing /. The regularized integral ^M{v^,f) is 
a function on the Grassmannian G{M) that is invariant under Aut(M, /). 

Suppose that / G M'(Mp2(Z), pAf) has a Fourier expansion 



and the coefficients c^(n, t) vanish whenever m <C or t < or t ^ 0. 

We will say that a function / has singularities of type g a.t a point if f — g 
can be redefined on a set of codimension at least 1 so that it becomes real 
analytic near the point. 

Then the following theorems about regularized theta lift $Af(^^,/) are 
proved in [Tj. 

Theorem B1( Theorem 6.2 [Ij) Near the point Vq E G{M), the function 
^uiy^ 1 f) has a singularity of type 






J2 -CA(AV2,t)(-2vrA^+)*log(A^+)/t!. 
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In particular is nonsingular ( real analytic) except along a locally finite 
set of codimension 2 suh Grassmannians (isomorphic to G{2,b~ — 1)) of 
G{M) of the form \^ for some negative norm vectors A e M. 
The open subset 

r = {[Z] e P(M (g) C); (Z, Z) = and (Z, Z) > 0} 

is isomorphic to G{M) by mapping [Z] to the subspace M3ft(Z) + M3(Z). 
We choose m e M, m' E M' such that = 0, {m,m') — 1. Denote 
V^o := M (8) Q n m-^ n m'^. The tube domain 

(8) 'H = {zeV^®^ C|($>(;2), '^{z)) > 0} 

is isomorphic to V by mapping z E H to the class in P(M C) of 

^(z) = ^ + m' — -{{z, z) + (m', m'))m. 

We consider the lattices L = M n and A' = (M n m^)/Zm, and we 
identify X (g) R with the subspace M (g) R n m-^ n m'-^. 

We write for the smallest positive value of the inner product (m, I) 
with / G M, so that |M'/M| = N^\K'/K\. 

Suppose that / = e^fu+n is a modular form of type pu and half 
integral weight k. Define a C[i^r'/ A'] -valued function 

Ik^ 5Z ejK+Kir) 
KeK'/K 

by putting 

fx+K = ^ fM+ij.{T) 

HeM'/M: 

fJ.\L = K 

for K E K. The notation A|L means the restriction of A G Hom(M, Z) to 
L, and 7 G Hom(i^, Z) is considered as an element of Hom(L, Z) using the 
quotient map from L io K. The elements of M' whose restriction to L is 
are exactly the integer multiples oim/N . 

For z eH denote by w"*" the positive definite subspace of Vq 

w+{z) = R'^{z) G G{K). 
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Theorem 7.1 in pQ gives the Fourier expansion of the regularized theta lift 
and in the case when lattice M has signature (2, h~) it can be reformulated 
at the following form. 

Theorem B2 Let M, K,m,m' be defined as above. Suppose 



is a modular form of weight 1 — and type pu with at most exponential 
growth as y ^ oo. Assume that each function c^{m,y) exp(— 27r|m|?/) has an 
asymptotic expansion as y ^ oo whose terms are constants times products 
of complex powers of y and nonnegative integral powers oflog{y). Let z = 
u + iv be an element of a tube domain "H. // {v,v) is sufficiently large then 
the Fourier expansion of ^m{v^{z), f) is given by the constant term of the 
Laurent expansion at s = of the analytic continuation of 



(which converges for 3?(s) ^ to a holomorphic functions of s which can be 
analytically continued to a meromorphic function of all complex s). Lattice 
K has signature (1,6~ — 1), so G{K) is real hyperbolic space of dimension 
b~ — 1 and the singularities of $x lie on hyperplanes of codimension 1. Then 
the set of points where $x is real analytic is not connected. The components 
of the points where is real analytic are called the Weyl chambers of ^k- 
If is a Weyl chamber and / G K then (/, W) > means that / has positive 
inner product with all elements in the interior of W. 

6 Infinite products 

There is a principal C* bundle C over the hermitian symmetric space H, 
consisting of the norm points Z = X + iY&M^C such that X and Y 
form an oriented base of an element of G{M). The fact that Z = X + iY 
has norm is equivalent to saying that X and Y are orthogonal and have 



(9) 




l&K' f_i^M'/M: n>0 
fj,\L=l 
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the same norm. We define an automorphic form of weight k on G{M) to be 
a function \1/ on £ which is homogeneous of degree —k and invariant under 
some subgroup F of finite index of Aut(M)"'". More generally if x is a one 
dimensional representation of F then we say is an automorphic form of 
character x if = x{'^)'^{Z) for a G F. 

Suppose that / G M^_^_ ,^{SL2{Z) , pm) has a Fourier expansion 



Theorem B3([I], Theorem 13.3) Suppose that f G M^'_fe-/2(SL2(Z), p^) is 
holomorphic on Sj and meromorphic at cusps and whose Fourier coefficients 
c\{n) are integers for n < 0. Then there is a meromorphic function \E'a./(Z, /) 
on C with the following properties. 

1. \E' is an automorphic form of weight co(0)/2 for the group Aut(M, /) 

with respect to some unitary character o/ Aut(M, /) 

2. The only zeros and poles of on the rational quadratic divisors 

for I G M , < and are zeros of order 



^MiZ, f) = -41og \^>m{Z, f)\ - 2co(0)(log |r| + r(l)/2 + log v^). 




4- For each primitive norm vector m of M and for each Weyl chamber 
W of K the restriction \E'm(Z(z), /) has an infinite product expansion 
converging when z is in a neighborhood of the cusp ofm and Im{z) G W 
which is some constant of absolute value 




XeM'/M n>-oo 



J2 c.i{xH^/2) 



xieM' 



3. 




n (i-KW) 



Cim/iv(0)/2 



5^0 
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times 

eiiZ,piK,WjK))) n n a-eiik,Z) + ip,m'W'^''/'\ 

k(^K': fi£M'/M: 
ik,W)>0 ^\L=k 

Here the vector p{K, W, fx) is the Weyl vector, which can be evaluated 
exphcitly using the theorems in Section 10 of [1]. 

Remark 2. In the case then M has no primitive norm vectors Fourier 
expansions of \I/ do not exist. 

7 A see-saw identity 

In the paper [8] S. Kudla introduced the notion of a "see-saw dual reductive 
pair". It gives rise in a formal way to a family of identities between inner 
products of automorphic forms on different groups, thus clarifying the source 
of identities of this type which appear in many places in the literature, often 
obtained from complicated manipulations. In this section we prove a see-saw 
identity for the regularized theta integrals described in previous section. 

Suppose that L C is an even lattice of signature (2, b). Let V = ViQ)V2 
be the rational orthogonal splitting of (V, q) such that the space Vi has the 
signature (2,6 — d) and the space V2 has the signature {0,d). Consider two 
lattices N := L (1 Vi and M = L fl V2. We have two orthogonal projections 

pr^./ : L O M -> M ® M and pr^ : L O M ^ (g) M. 

Let M' and N' be the dual lattices of M and A^. We have the following 
inclusions 

M C L, N C L, M ® N C L C L' C M' ®N', 

and equalities of the sets 

pr,,(L') = M', pr^(L') = N'. 

Consider a rectangular \L'/L\ x |A^'/A^| dimensional matrix Tl^n with 
entries 

^A,.(r) = Yl e(-rmV2) 

ni£M': 
m+vdX+L 

where A G L'/L,v G N'/N,t G Sj. This sum is well defined since N (Z L. 
Note that the lattice M is negative definite and hence the series converge. 
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Lemma 2. For A G L'/L and v G N' /N the function satisfies the 
following transformation properties 



(10) dxAr + 1) = e(z/V2 - AV2)^,,,(r), 

(11) \L'IL\-^'' J2 e(-(A,Ai))^A,.(-l/r) = 

AiGL'/L 

(r/z)'^/2|iV7iVri/2 J2 e(-(z.,z.i))^A,.,(r). 

Proo/. For /i G M'/M denote 

e,(r):= e(-mV2r). 

We have 

(12) ^A,.(r)= 5^ ^^,(r). 

/iGM'/M: 

Here /i + z/ is considered as an element in M' © N' /M © and A + L is a 
subset of M' © A^'/M © N. Suppose that A G L'/L, G M'/M, G A^'/A^ 
satisfy the condition /z + z/ G A + L. Then 

e(/iV2 + z/V2) =e(AV2), 

and hence 

e,{T + 1) = e(-/iV2) e,{T) = e(z/V2 - AV2) 0,(r). 

Thus, equation (fTO!) follows from the previous formula and (fT2!) . 

Now we prove equation (fTTj) . Suppose that 2;Ar G A^®C and f ^ G G(A^) ^ 
G{L). Then the real analytic Jacobi theta function defined in Section H] 
satisfies 

u£N'/N 

Transformation property ffTTl) follows from the above equation and transfor- 
mation property (jH]) of functions 9^{^J^y^ and □ 
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Theorem 1. Suppose that the lattices L, M and N are defined as above. 
Then there is a map T^^jy : Mfc(Mp2(Z), p^.) ^fc+d/2(Mp2(Z), p^v) sending 
a function f = {fx)xeL'/L to g = {gu)ueN'/N defined as 

9u{r)= ^xAr)fx{r). 

In other words 

9 = Tl^nI 

where f and g are considered as column vectors. 

Proof. Follows from Lemma [2l □ 

Theorem 2. Let L, M, N be as above. Denote by i : G{N) G{L) a 
natural embedding induced by inclusion N G L. Then, for f + G G{N) and 
the theta lift of a function f E M-^'_^y2 (SL2 (^) ? Pl) the following holds 

(13) ^Li^iv^)J) = ^Niv-',eL,Nif))■ 

Proof. For a vector / G L' denote m = pr^(/) and n = pYj^{l). Recall that 
m G M' and n G A^'. Since is an element of G{N) it is orthogonal to M. 
We have 

;2 2 ;2 2,2 

Thus for A G L'/L we obtain 

0A+L(r,^;+)= «,l2 + flll2) = 
lex+L 

Y /2 + fnl- /2 + f m V2) . 

m€M' ,n£N': 
m+nGA+L 

Since N (Z L we can rewrite this sum as 

u£N'/N 

Thus, we see that for / = {fx)xeL'/L the following scalar products are equal 

{f,eL{T,v+)) = {TLMf),QN{r,v+)). 

So, the regularized integrals ([7]) of both sides of the equality are also equal. 

□ 
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Remark. Theorem |2] works even in the case when f is a singular point 
of If the constant terms of / and T^j^^f) are different, then 

subvariety G{N) lies in singular locus of "*",/). On the other hand, if 
constant terms of / and TL^N^f) are equal then, singularities cancel at the 
points of G{N). 



Consider the lattice of integral 2x2 matrices denoted by M2(Z). Equipped 
with a quadratic form q{x) := — det x it becomes an even unimodular lattice 
(in our notations = 2q{x)). 

The Grassmannian G'(M2(Z)) turns out to be isomorphic to x S). This 
isomorphism can be constructed in the following way. For the pair of points 
(ti, T2) G X consider the element of the norm zero 



Define f ^(ti, T2) be the vector subspace of M2(Z) 0W spanned by two vectors 
X = ^{Z) and Y = '^{Z). The group SL2(Z) x SLsfz) acts on M2(Z) by 
(7i,72)(a^) = 11X^2 and preserves the norm.The action of SL2(Z) x SL2(Z) 
on the Grassmannian agrees with the action on x by fractional linear 
transformations 



8 Lattice M2(Z) 




(71 (n), 72(1-2)). 



We have 



X' = Y' = ^{Z,Z) 



^{ri-Ti){T2-T2) 



Z^ 



0. 



For / 



a b 
c d 



) 



e M2(Z) and w+ = v 



(ti, T2) we have 



(/, Z){1, Z) _ \dT1T2 - CTi -bT2 + a 
iZ,Z) ~ -(ri -fi)(r2 -f2) 



Denote 



0(T;Ti,r2) := <dM2{Z)ir,v+{Ti,T2)) 
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where t = x + iy. Considered as a function of r 6 belongs to 9Jlo(SL2(Z)) 
and we can explicitly write this function as 

<d{T;Ti,T2) = y > e — -—{T-T}-{ad-bc)T 



/ \aT1T2 + Bti + CT2 + (ip \aT1T2 + bri + CT2 + d\'^ _ 

^ ^ ' -(n - n)(T^2 - T2) ^ - fi)(r2 - f2) 



a,fe,c. 

9 Higher Green's functions as theta lifts 

The key point of our proof is the following observation 

Proposition 6. Denote by the hyperbolic Laplacian with respect to vari- 
able z. For the function 9 defined in previous section the following identities 
hold 

A^0(r; n, T2) = A^^0(r; n, T2) = A^^e(r; n, T2). 
A similar identity can be found in [3]. 

Suppose that A = {Xm}m=i is a relation on 5'2A;(SL2(Z)) (definition is 
given at the introduction). Then there exists a unique weakly holomorphic 
modular form gx of weight 2 — 2k with Fourier expansion of the form 

^A^g-"^ + 0(l). 

m 

Define curves <Z x Sj. For a relation A consider a divisor 

-Da := XmTm- 

m 

Denote by S'a the support of Dx- It follows from the properties (i), (iv) of 
Green's function given at the introduction that the singular locus of Gk,\ is 
equal to ^a- 

Consider the function hx := R^~^{gx) which belongs to Mq(SL2(Z)). 
Theorem 3. The following identity holds 

Gk,\{Tl,T2) = ^M2{Z){v^iTl,r2),hx). 
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Here 

(14) ^M2{z){v^{ri,T2),hx) = lim / hxir) Q{t]Ti,T2) y^'^dx dy. 



t— >oo 

Ft 



Proof. We verify that the function $M2(z)('i^'''(Ti, T2), /^a) satisfy conditions 
(i)-(iv) hsted at the introduction. 

It follows from Theorem Bl (Theorem 6.2 [1] p. 24) that the limit ( IT^ 
exists for all ti, T2 & Sj x \ S\, moreover, it defines a real- analytic function 
on this set. For the convenience of the reader we repeat the argument given 
in [1]. The function hx has the Fourier expansion 



nr] 



n^—OD 



Fix f+ = v^{ti,T2) for some ri,r2 E 9) x S^. For t > 1 the set Ft can 
be decomposed into two parts Ft = FiU Ut where is a rectangle 11^ = 
[—1/2, 1/2] X [l,t]. It suffices to show that the hmit 



lim / /iA(r) 0M2{Z)(^;^^+) y ^dxdy 
exists for all (ri, T2) ^ S'a- It can be seen from the following computation 



hx{T)QM2{Z)ir;v+)y ^dxdy = 

/E E c{n,y)e{nT)e{TllJ2 + fl^ /2)y-'dx dy = 
1/2 t 

j c{n,y)e{{n-P/2)x)exp{~2nyll+)y'^dxdy 



^1/2 1 
t 



j Yl c{P/2,y)exp{-27cyll^)y-Uy. 



1 



/eM2( 

Properties (i) and (iv) follow from Theorem Bl (Theorem 6.2 [Tj p. 24). 
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Property (ii) is obvious since the function 0(r; Ti, T2) is SL2(Z)-invariant 
in variables ti and T2. 

Property (iii) formally follows from Proposition [61 We have 

A^'^M,{i,)ihx,v+{n,T2)) = lim / hxiT)A^^e{T;n,T2)y-^dx dy. 

Ft 

Using Proposition [6] we arrive at 

A^'<l>M,iz)ihx,v+{Ti,T2)) = lim / /i;,(r)A-0(r; n, T2)y~^dxdy. 



Ft 



It follows from Stokes' theorem that 



J hx{T)A'^Q{T;Ti,T2)y '^dxdy - j Ahx{T)Q{T;Ti,T2)y "^dxdy 



Ft 



Ft 



1/2 



{hxLo{Q)-Lo{hx)Q)y-'dx 



-1/2 



y=t 



This expression tends to zero as t tends to infinity. Since gx G -Ffe,2-2fc it 
follows from Proposition [2] that Ahx = k{l — k)hx- Thus, we see that theta 
lift ^pi2{z){hx,v~^) satisfies the desired differential equation 

A^'^M2{Z){hx,V+{Ti,T2)) = k{l - k)^M2{Z){hx,V^{Ti,T2)), i = 1,2. 

It remains to prove (v). We can compute the Fourier expansion of 
^M2iz)(y'i^~^{'Ti,T2), hx) using Theorem B2. We select a primitive norm zero 

vector m := E M and choose m' := ^ ^ ^ ^ so that {m,m') = 1. 

For this choice of vectors m, m' the tube domain Ti defined by equation 
(jHI) is isomorphic to x and the map between 9) x and Grassmanian 
G(M2(Z) is given by 

The lattice K = (M fl m^)/m can be identified with 



M n m-^ n m' 



b 
c 



b,cez 
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Denote Xj = 3?(rj) and yi = S5(Tj) for i = 1,2. The subspace w~^{ti,T2) G 
G{K) is equal to 

' yi 
^2/2 

Suppose that 

hxir) = ^c{n,y) e(nr) 

where 

t>o 

We can rewrite equahty as 

(15) ^Miv\ h^) = ^-^^j,{w^, h) + E O) ^ 



y^$;^(w+(ri,r2),/x) + — ^ J] J]e((nZ,M)): 



'V1V2 



y yiy2 







where m = 3? ( „ and f = ( „ . We choose a primitive norm 
vector i^=i^\]^K.lt follows from Theorem 10.2 p[] that 



.0 0. 
t 

(16) 5^6(0,t)(y2M)*+'/'vr-*-ir(t + l)(-27r02*+25,,+2/(2t + 2)!. 
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In the case 1^,+ 7^ it follows from Lemma 7.2 

(17) [ c(/V2, y) exp{-nny2yml+ - rtyll+)y-^/^dy 



Jy>Q 

J2 2Kiy2, t) (2|m,+ 1 I 1 /n)*+i/2ir_t_i/2 i2nn\U \/\m,+ \). 
t 

In case = it follows from Lemma 7.3 

(18) [ c(ZV2, y) exp{-nny2yml^ - 27ryll^) y-^/^ dy = 

Jy>0 

J2 K^V2, t)i2ml+/7rny+'/^T{t + 1/2). 
t 

Substituting formulas (P)- ffTS]l into ffT^ we obtain 

(19) ^M{v^iri,T2),hx) = 



_^lj:,(0.<)(-4.)«C(-2*-l)p^. 

4 5^(z/il/2)-*&(0,t)(4vr)-*C(2t + l)— + 

t 



X e{ncxi + ndx2)\ncyi + n(i?/2| *^^'^^-f^-t-i/2(2vr|nc?/i + ndy2\)- 

We see from ( !T9|) that $Af (f +(ri, r2), /ia) — )• as ?/i — )• 00. This finishes the 
proof. □ 

Now we can analyze the CM values of Gk,x using the see-saw identity 
Let Ti,T2 & Sj he two CM points in the same quadratic imaginary field 



'—D). Let v^{ti,T2) be a two dimensional positive definite subspace of 
M2(M) defined as 



(20) vHn,r.)^m X' ^j+Ka^T' 
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In the case when ti and T2 he in the same quadratic imaginary field the 
subspace v~^{ti,T2) defines a rational splitting of M2(Z) ® Q. So, we can 
consider two lattices := t;+(ri, T2) n M2(Z) and M := v^{ti, T2) fl M2(Z). 

The Grassmannian G{N) consists of a single point M and its image 
in G(M2(Z)) is t;+(ri,r2). 

Since the lattice has signature (2, 0) the theta lift of a function / G 
Mj{SL2{Z,), pn) is just a number and it is equal to a regularized integral 

/■reg 

$Jv(/)= / (/(r),ejv(r))i/-irfxrfi/. 
^SL2(Z)\f:i 

Here Bat is a usual (vector valued) theta function of the lattice N. The 
matrix Tm2{z),n = {^o,u)ueN'/N becomes a vector in this case and it is given 
by 

^oAr) = E e(-rmV2). 

meM'n(-iy+M2{Z)) 

Till the end of this section we will simply write '(9i/(t) for "^o^uiT)- 

Theorem 4. Suppose that two CM-points ti,T2 and a lattice N C M2(Z) 
are defined as above. Let X be a relation for 6*2/0 (SL2(Z)) and let g\ e 
M2_2fc(SL2(Z)) be the corresponding weakly holomorphic form defined in Propo- 
sition\^ Then, if{Ti,T2) ^ Sx we have 

^M2miv+in,T2),R'~\gx)) = $iv(/), 

where f = {fu)u€N'/N e M^' (SL2(Z), pat) is given by 

fu = [gx.'&vV-i- 

Proof. For (ri,r2) ^ S\ the constant term (with respect to e(x)) of the 
product {F&^^{g\){T),Q{T]Ti,T2)) is equal to 

0/2/2(1/) exp(-27ry/^+)?/ 

and decays as Oiy'^^^) as y — > 00. Thus, 

'^'M2{z)(?^+(ri,r2),i?*^-^(^A)) = lim / R^-^{gx){r)Q{T-Ti,T2)y-^dxdy. 

t^OO J 

Ft 
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It follows from the see-saw identity fll3p 

<^M,(z){'"^i'^i''^2),R'-\9x)) = lim / {R'-\gx)^,eN)y-'dxdy. 

By Proposition |3] 



Ft 



fc-2 



(21) R'-'igx) A = (-1)'^'[^7A, A]k^i + R{J2 bsR'iax) R'-'-'iA)) 

s=0 

where bg are some rational numbers. For u G N' /N denote 

fc-2 

^,{t) ■.= Y,bsR'{gx)R''-^-'{A)- 

s=0 

Using (12T|) we can write 

lim j {R^-\gx)^,QN)y-^dxdy = 



t—>-c 

Ft 



-if ^ lim {[gx,^]k^i,QN)y ^dxdy+lim {R{i)),QN)y Uxdy. 



Ft Ft 

It follows from Proposition |4] that 



lim {R{'ip),<d]\f)y ^dxdy 



t^oo 

Ft 

1/2 



lim / {^p{x + it),eN{x + it))t~'^dx = 0. 

t— )-oo J 
-1/2 

This finishes the proof. 



□ 
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10 Embedding trick 



Theorem 5. We let N be an even lattice of signature (2, 0) and let f be 
a C[N' /N]-valued weakly holomorphic modular form of weight 1 with zero 
constant term and rational Fourier coefficients. Then there exists an even 
lattice P of signature (2, 1) and a function h G M^i^{^Ij2{'L), pp) such that 

1. There is an inclusion N d P 

2. Lattice P contains primitive norm zero vector 

3. Function h has rational Fourier coefficients 
4- The constant term of h is zero 

5. We have Tpi^{h) = f for the map Tpj^ defined in Theorem\^ 

Proof. We adopt the method explained in [I], Lemma 8.1. 

Consider two even unimodular definite lattices of dimension 24, say three 
copies of root lattice Es(BEs®Es and a Leech lattice A24. We can embed 
both lattices into ^Z^^- To this end we use the standard representation of 
Eg in which all vectors have half integral coordinates. Use standard repre- 
sentation of Leech lattice and norm doubling map defined in [1] Chapter 8, 
p.242. 

Denote by Mi and M2 the negative definite lattices obtained from Eg © 
Es © Es and A24 by multiplying norm with —1 and assume that they are 
embedded into j^^^'*- Denote by M the negative definite lattice 16Z^^. Theta 
functions of lattices Mi and M2 are modular forms of level 1 and weight 12 
and their difference is 720 A, where A = q — 24g^ + 252g^ + 0{q^) is a unique 
cusp form of level 1 and weight 12. 

Consider the function g in M_i^]^(SL2(Z), P7v®m) defined as 

g := res(AreMi)/Af®M(//A) - Tes(^N®M2)/NS)M{f / A). 

The maps 

reS(Ar®AfO/Af®M : Ml^^ (SL2(Z) , pArgjA/J ^i^^ (SL2(Z) , Pat^m) ^ ^ = 1, 2, 

are defined as in Lemma [H It is easy to see that 

TN®M,N{g) = TNe,M,N{rGS(M(BMi)/N®Mif / A) — reS(Ar®M2)/Af®M(//A)) = 
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T{N®M^)/N®M{f / ^) — ^(AfffiM2)/AreAf(//A) — 

^(eA,,-eA,j = 72o/. 

Suppose that g has a Fourier expansion 

g^,{T) = J2 Cf,{m)e{mT), fi e {N' ® M')/{N © M). 

By the construction of g its constant term is zero. Consider the following set 
of vectors in M' 

S:= {/eM'|c(o,/+A/)(/V2)7^0}, 

where (0, 1 + M) denotes an element in (A^' © M') /{N © M). Note that this 
set is finite and does not contain the zero vector. Choose a vector p e M 
such that 

1. the lattice © contains a primitive norm vector; 

2. (p, /) ^ for all / G S. 

Consider the lattice P := A^©Zp. It follows from Theorem Bl that the subva- 
riety G{P) of G{N(BM) is not contained in the singular locus of ^NeMiv^, g)- 
Moreover, the restriction of ^n®m{'v~^, q) to G{P) is nonsingular at the point 
G{N). 

Define h := yigT/v0A/,p(fi')- The constant term of h is nonzero and h has 
rational(with denominator bounded by 720) Fourier coefficients. We have 

Tp^Nih) = Tp^Ar(TjV0A/,p(fi')) = ^^^AfeM,iv(5') = /• 
This finishes the proof. □ 

Theorem 6. We let N be an even lattice of signature (2, 0) and let f be 
a C[N' / N]-valued weakly holomorphic modular form of weight 1 with zero 
constant term and rational Fourier coefficients. Then, 

^N{f) = log a 

for some a G Q. 

Proof. Let P and h a lattice and a modular form constructed in Theorem [51 
Since the constant term of h is zero, from Theorem B3 we know that 

<t>p{G{N),h) = -Alog\^p{rr,,h)\, 
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where '^p{T,h) is a meromorphic modular function on S) for a subgroup 
of SL2(Z) with respect to some unitary character and r^v € is a CM 
point. Theorem 14.1 of [2J says that this unitary character is finite. Theorem 
B3 Part 3 imphes that \l/p(r, /i) has algebraic Fourier coefficients. Thus, it 
follows from the theory of complex multiplication that a := p{tni h) is an 
algebraic number. □ 

11 Main Theorem 

Theorem 7. Let 31,32 & be two CM points in the same quadratic imagi- 
nary field Q{y/—D) and let \ be a relation on S'2fc(SL2(Z)) for integer k > 1. 
Then there is an algebraic number a such that 

G'a:,a(3i,32) = log a. 

Proof. Let gx be the weakly holomorphic modular form of weight 2 — 2k 
defined by Proposition [TJ Consider a function hx = R''~^{gx)- In Theorem [3] 

we show that 

(22) Gk,x{Tl,T2) = <^M2{Z){v^{ri,T2),hx) 

for (ri,r2) eS^ xS^\Sx- 

Let ^'''(31,32) be a two dimensional positive definite subspace of M2(M) 
defined in fl20l) . In the case when 31 and 32 lie in the same quadratic imaginary 
field the subspace ^"'"(31, 32) defines a rational splitting of M2(Z) (8)R. So, the 
lattice N := w+(ri, T2) fl M2(Z) has signature (2, 0). 

It follows from Theorem H] that 

(23) ^AUz){v-'{^u}2),R''-\gx)) = $7V(/), 
where / = ifu)ueN'/N e M^' (SL2(Z), pAr) is given by 

Let P and h be as in Theorem [51 Theorem [6] implies 

$iv(/) = $p(G(iV),/i) = -41og(|M/p(G(iV),/i)|) 

and 

(24) $;v(/) = log(«) 

for a G Q. Statement of the theorem follows from equations ( [22|l - ( [24ll . 

□ 
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